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(1) $\sigma\triangle^{m}u=p(|x|)u^{\alpha}$ , $x\in R^{N}$ ,
$\sigma=+1$ $\sigma=-1,$ $m\geq 2,$ $N\geq 3,$ $\alpha>1$ $P(r)>0,$ $r=|x|$
$[0, \infty)$








$\tau_{i}$ $+1$ $-1$ (1)
2 :
(2) $\{\begin{array}{l}\sigma_{1}\triangle u_{1}=u_{2},\sigma_{2}\triangle u_{2}=u_{3},:.\sigma_{m-1}\triangle u_{m-1}=u_{m},\sigma_{m}\triangle u_{m}=p(|x|)u_{1}^{\alpha}.\end{array}$
$\sigma_{i}=+1$ $\sigma_{i}=-1$ . $\sigma=+1$ $\sigma_{i}=-1$ $\sigma=-1$
$\sigma_{i}=-1$
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(2)
$-\triangle u_{i}=u_{i+1}$ , $\triangle u_{i+1}=u_{i+2}$
$i\in\{1,2, \cdots,m-2\}$
$-\triangle u_{m-1}=u_{m},$ $\triangle u_{m}=p(|x|)u_{1}^{\alpha}$
(2)
$i=1$ ( ). (2)
$-\triangle u_{1}=u_{2},$ $\triangle u_{2}=u_{3}$










$\{\begin{array}{l}\triangle u_{1}=u_{2},:.\triangle u_{j}=u_{j+1},-\triangle uj+1=u_{j+2},:.-\triangle u_{m}=p(|x|)u_{1}^{\alpha}.\end{array}$
(1)
$u$ (1) $j\in\{0,1, \cdots,m\},$ $r*\geq 0$
( [l](Theorem 2.1) ):
(1) $\{\begin{array}{l}(\triangle^{i}u)(r)>0, r\geq r*, i=1,2, \cdots,j-1,(-1)^{i-j}(\triangle^{i}u)(r)\geq 0, r\geq 0, i=j,j+1, \cdots,m.\end{array}$
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1. $\triangle^{i}u$
(1) $\mathcal{K},$ (1) (1) $\mathcal{K}_{j}$
:
$\mathcal{K}=$ {$u\in C^{2m}[0,$ $\infty);u$ (1) },
$\mathcal{K}_{j}=\{u\in \mathcal{K};u$ (1) $\}$ .
$\mathcal{K}_{j}$ $i$ Kiguradze
$m$ $\searrow\sigma$ $+1$ $-1$ $\mathcal{K}$ :
$\mathcal{K}=\mathcal{K}_{1}\cup \mathcal{K}_{3}\cup\cdots\cup \mathcal{K}_{m}$ , $m$ $\sigma=+1$ ,
$\mathcal{K}=\mathcal{K}_{0}\cup \mathcal{K}_{2}\cup\cdots\cup \mathcal{K}_{m-1}$ , $m$ $\sigma=-1$ ,
$\mathcal{K}=\mathcal{K}_{0}U\mathcal{K}_{2}U\cdots\cup \mathcal{K}_{m}$ , $m$ $\sigma=+1$ ,
$\mathcal{K}=\mathcal{K}_{1}\cup \mathcal{K}_{3}\cup\cdots\cup \mathcal{K}_{m-1}$ , $m$ $\sigma=-1$ .
$u$ (1) $\mathcal{K}_{j}$
$\{\begin{array}{ll}u_{i}=\triangle^{i-1}u, i=1,2, \cdots,j,u_{i}=(-1)^{i-j+1}\triangle^{i-1}u, i=j+1, \cdots, m,\end{array}$
$(u_{1}, u_{2}, \cdots , u_{m})$ :






(S) $\sigma_{i}\triangle u_{i}=P_{i}(|x|)u_{i+1}^{\alpha_{i}}$ , $x\in R^{N}$ ,
$\sigma_{i}=+1$ $\sigma_{i}=-1,$ $\alpha_{i}>0$ $\alpha_{1}\alpha_{2}\cdots\alpha_{m}>1$












$P_{i}(r) \geq\frac{C_{i}}{r^{\lambda_{i}}}$ , $r\geq r_{0}>0$
$C_{i}>0,$ $\lambda_{i}$
$\Lambda_{i}+(A-1)(N-2)\xi_{i}\leq 0$
$i\in\{1,2\cdots, m\}$ $\sigma_{i}=-1$ $i$
$\lambda_{i}-2+\sum_{j=1}^{\ell-1}(\lambda_{i+j}-2)\prod_{k=0}^{j-1}\alpha_{i+k}+\xi_{i+\ell}(N-2)\prod_{k=0}^{\ell-1}\alpha_{i+k}\leq 0$
$\ell\in\{1,2, \cdots, m-1\}$ (S)
2. Theorem A
Theorem B. 1 $\sigma_{i}$ $+1$ $P_{i}$
(3) $P_{i}(r) \leq\frac{C_{i}}{r^{\lambda_{i}}}$ , $r\geq r_{0}>0$
$Ci>0,$ $\lambda_{i}$
$\sigma_{i}\Lambda_{i}>0$ , $i=1,2,$ $\cdots,$ $m$ ,
$\Lambda_{i}+(A-1)(N-2)\xi_{i}>0$ , $i=1,2,$ $\cdots,$ $m$ ,
(S)
Conjecture. 1 $\sigma_{i}$ $+1$ $P_{i}$ (3)
$\Lambda_{i}+(A-1)(N-2)\xi_{i}>0$ , $i=1,2,$ $\cdots,$ $m$ ,
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$\sigma_{i}=-1$ $i$





Theorem $A$ , Theorem $B$ , Conjecture (3)
$p$




$\Lambda_{i}=\lambda-2\alpha(i-1)-2(m-i+1)$ , $i=1,2,$ $\cdots,$ $m$ ,
Theorem A $N\leq 2(m-j)$
$\lambda\leq 2\alpha(j-1)+2(m-j+1)$ $(N\geq 2(m-j)+2$ $)$ ,
$\lambda\leq 2\alpha(j-1)+2(m-j+1)+\alpha-1$ $(N=2(m-j)+1$ $)$
(3),
Theorem $B$
$2\alpha(j-1)+2(m-j+1)<\lambda<2\alpha j+2(m-j)$ $(N\geq 2(m-j)+2$ $)$ ,
$2\alpha(j-1)+2(m-j+1)+\alpha-1<\lambda<2\alpha j+2(m-j)$ $(N=2(m-j)+1$ $)$
(3)
Conjecture $N>2(m-j)$ fo$\grave$






(S) : $u_{i}>0$ , $r\geq 0$ ,
$i=2,$ $\cdots,j$ ,
(3) : $u_{i}>0$ , $r\geq r_{*}\geq 0$ ,
(3) $u_{2},$ $\cdots,$ $u_{j}$





$\lambda\geq 2\alpha j+2(m-j)$ $\tilde{\lambda}<\lambda$
$p(r) \leq\frac{C}{r^{\lambda}}\leq\frac{C}{r^{\tilde{\lambda}}}$ , $r\geq r_{0}\geq 1$
$2\alpha(j-1)+2(m-j+1)<\tilde{\lambda}<2\alpha j+2(m-j)$ $(N\geq 2(m-j)+2$ $)$ ,






$p(r) \geq\frac{C}{r^{\lambda}}$ , $r\geq r_{0}$
$C>0,$ $\lambda$
(i) $N\leq 2(m-j)$ $\lambda$
$\lambda\leq 2\alpha(j-1)+2(m-j+1)(N\geq 2(m-j)+2$ $)$ ,
$\lambda\leq 2\alpha(j-1)+2(m-j+1)+\alpha-1(N=2(m-j)+1$ $)$
(1) $\mathcal{K}_{j}$ $(1 \leq j\leq m)$





$p(r) \leq\frac{C}{r^{\lambda}}$ , $r\geq r_{0}$
$C>0,$ $\lambda$ $N\geq 2(m-j)+1$ $\lambda$
$\lambda>2\alpha(j-1)+2(m-j+1)(N\geq 2(m-j)+2$ $)$ ,
$\lambda>2\alpha(j-1)+2(m-j+1)+\alpha-1(N=2(m-j)+1$ $)$
(1) $\mathcal{K}_{j}$ $(1\leq j\leq m)$
Example. :
(4) $\sigma\triangle^{m}u=\frac{1}{(1+|x|)^{\lambda}}u^{\alpha}$ , $x\in R^{N}$
$m\geq 2,$ $N\geq 2m+1,$ $\alpha>1,$ $\sigma=-1$ $\sigma=+1$ . Theorems 1,2
:
(i) $\{m$ $\sigma=+1\},$ $\{m$ $\sigma=-1\}$ :
$\lambda>2m\Rightarrow(4)$
$\lambda\leq 2m\Rightarrow(4)$




$N\geq 2m+1$ $\{m$ $\sigma=+1\},$ $\{m$ $\sigma=-1\}$
$\lambda=2m$ (4) $\{m$
$\sigma=-1\},$ $\{m$ $\sigma=+1\}$ (4)
( $\mathcal{K}_{0}$ $\lambda=2\alpha+2(m-1)$ ).
$N\geq 2m+1$ Theorems 1,2 (4) $\mathcal{K}_{j}$
$(1\leq i\leq m)$








Proposition. $(u_{1}, \cdots , u_{m})$ (3)
(i) $N\geq 2(m-j)+3$ :
$u_{i}(r)\geq\{\begin{array}{l}Cr^{2(j-i)}, i=1,2, \cdots, j,Cr^{2(m-i+1)-N}, i=j+1, \cdots, m.\end{array}$
(ii) $N=2(m-j)+2$ :
$u_{i}(r)\geq\{\begin{array}{l}Cr^{2(j-i)}\log r, i=1,2, \cdots,j,Cr^{2(j-i)}, i=j+1, \cdots, m.\end{array}$
(iii) $N=2(m-j)+1$ :
$u_{i}(r)\geq Cr^{2(j-i)+1}$ , $i=1,2,$ $\cdots,$ $m$ .
(3)
(5) $\{\begin{array}{l}u_{i}(r)\geq C_{i}\int^{r/2}su_{i+1}(s)ds, i=1,2, \cdots , j,u_{i}(r)\geq C_{i}r^{2-N}\int^{r/2}s^{N-1}u_{i+1}(s)ds, i=j+1, \cdots, m-1.\end{array}$
$u_{m}$ $\triangle u_{m}\leq 0$
$u_{m}(r)\geq Cr^{2-N}$
(5) Proposition
3. $N\leq 2(m-j)$ $u_{i}(r)arrow-\infty(rarrow\infty)$ $i\in\{j+1, \cdots, m-1\}$
$u_{i}$ (3) ( $\mathcal{K}_{j}$ )
$N$ $N\geq 2(m-j)+1$







$u_{j}(r)$ $u_{j}(r)/r^{2}$ $0$ $u_{j}(r)$ $+\infty$
$u_{j+1}(r)$ $u_{j+1}(r)$
$0$ $u_{1}(r)/r^{2j}$ $rarrow\infty$
$\lim_{rarrow\infty}\frac{u_{1}(r)}{r^{2j}}=\{\begin{array}{l}const >0 \text{ }0\end{array}$
$N=2(m-j)+2,$ $N=2(m-j)+1$ $u_{1}(r)/r^{2(j-1)}$
:
$\lim_{rarrow\infty}\frac{u_{1}(r)}{r^{2(j-1)}}=\{\begin{array}{l}\lim_{rarrow\infty}u_{j}(r)=\{const>0+\infty,’ N\geq 2(m-j)+3,+\infty, N=2(m-j)+1, N=2(m-j)+2.\end{array}$
$\lim_{rarrow\infty}\frac{u_{1}(r)}{r^{2j}}=\{\begin{array}{l}\lim_{rarrow\infty}\frac{u_{j}(r)}{r^{2}}=[Case] N\geq 2(m-j)+3,\lim_{rarrow\infty}u_{j+1}(r)=\{0co nst >0, N=2(m-j)+1, N=2(m-j)+2.\end{array}$
$u$ (1) $K_{j}$ 3 1 :
(i) $\lim_{rarrow\infty}\frac{u(r)}{r^{2(j-1)}}=$ const $>0$ ,
(ii) $\lim_{rarrow\infty}\frac{u(r)}{r^{2(j-1)}}=+\infty$ , $\lim_{rarrow\infty}\frac{u(r)}{r^{2j}}=0$ ,
(iii) $\lim_{rarrow\infty}\frac{u(r)}{r^{2j}}=$ const $>0$ .
$\mathcal{K}_{j}$ (i),(ii),(iii)
$\mathcal{K}_{j}[\min],$ $\mathcal{K}_{j}$ [int], $\mathcal{K}_{j}[\max]$
:
$\mathcal{K}_{j}[\min]=$ { $u\in \mathcal{K}_{j;u}$ (i) },
$\mathcal{K}_{j}$ [int] $=$ { $u\in \mathcal{K}_{j;u}$ (ii) },
$\mathcal{K}_{j}[\max]=$ { $u\in \mathcal{K}_{j};u$ (iii) }.
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$\mathcal{K}_{j}$ :
$\mathcal{K}_{j}=\mathcal{K}_{j}[\min]\cup \mathcal{K}_{j}$ [int] $\cup \mathcal{K}_{j}[\max]$ .
4. Proposition $N=2(m-j)+2,$ $N=2(m-j)+1$
$\lim_{rarrow\infty}\frac{u_{1}(r)}{r^{2(j-1)}}=\infty$
2 $\mathcal{K}_{j}$ [min] $=\phi$( )




$N\geq 2(m-j)+1,$ $\int_{0}^{\infty}t^{2(m-j)-1+2\alpha j}p(t)dt<\infty$ .
(ii) (1) $\mathcal{K}_{j}[\min]$
$N\geq 2(m-j)+3,$ $\int_{0}^{\infty}t^{2(m-j)+1+2\alpha(j-1)}p(t)dt<\infty$ .






$N\geq 2(m-j)+1,$ $\lambda>2\alpha j+2(m-j)$ .
(ii) (4) $\mathcal{K}_{j}[\min]$
$N\geq 2(m-j)+3,$ $\lambda>2\alpha(j-1)+2(m-j+1)$ .
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(iii) $N\geq 2(m-j)+3$ (4) $\mathcal{K}_{j}$
$\lambda>2\alpha(j-1)+2(m-j+1)$ .
$N$ $N=2(m-j)+2,$ $N=2(m-j)+1$ $\lambda$
$\lambda\leq 2\alpha j+2(m-j)$
(4) Theorems 1,2
$\lambda\leq 2\alpha(j-1)+2(m-j)+1(N=2(m-j)+2$ $)$ ,
$\lambda\leq 2\alpha(j-1)+2(m-j+1)+\alpha-1(N=2(m-j)+1$ $)$
$2\alpha(j-1)+2(m-j)+1<\lambda\leq 2\alpha j+2(m-j)(N=2(m-j)+2$ $)$ ,
$2\alpha(j-1)+2(m-j+1)+\alpha-1<\lambda\leq 2\alpha j+2(m-j)(N=2(m-j)+1$ $)$
Theorem 2 (4)





















(i) $X$ $\mathcal{T}:Xarrow(C[0, \infty))^{m}$ :
$X=$ { $(u_{1},$ $\cdots,$ $u_{m})$ ; }:
$C_{i}\leq u_{i}(r)\leq\tilde{C}_{i}r^{2(j+i-1)}$ , $i=1,2,$ $\cdots,$ $j-1$ ,
$C_{j}r^{2}\leq u_{j}(r)\leq\tilde{C}_{j}r^{2}$ ,
$C_{j+1}\leq u_{j+1}(r)\leq\tilde{C}_{j+1}$ ,
$C_{i}r^{2-N}\leq u_{i}(r)\leq\{\begin{array}{l}\tilde{C}_{i}r^{2(m-i+1)-N} or\tilde{C}_{i}r^{2\alpha j+2(m-i+1)-\lambda},\end{array}$ $i=j+2,$ $\cdots,$ $m$ .
$\mathcal{T}(u_{1}, \cdots, u_{m})=(\tilde{u}_{1}, \cdots,\tilde{u}_{m})$ ,
$\tilde{u}_{i}(r)=$ $C_{i}+ \frac{1}{N-2}\int_{0}^{r}s[1-(\frac{s}{r})^{N-2}]u_{i+1}(s)ds$ , $i=1,2,$ $\cdots,j$ ,
$\tilde{u}j+1(r)=$ $\tilde{C}_{j+1}-\frac{1}{N-2}\int_{0}^{r}s[1-(\frac{s}{r})^{N-2}]uj+2(s)ds$ ,
$\tilde{u}_{i}(r)=$ $\int^{\infty}s^{1-N}\int_{0}^{s}t^{N-1}u_{i+1}(s)dtds$ , $i=j+2,$ $\cdots,$ $m-1$ ,
$\tilde{u}_{m}(r)=$ $\int^{\infty}s^{1-N}\int_{0}^{s}t^{N-1}p(t)u_{1}(s)^{\alpha}dtds$.
(I) $\mathcal{T}(X)\subset X,$ $(I)\mathcal{T}$ (m) $\mathcal{T}(X)$
$S$ chauder-Tychonoff





(ii) (i) $X$ $\mathcal{T}$ :
$X=$ { $(u_{1},$ $\cdots,$ $u_{m});u_{i}$ }:
$C_{1}\leq u_{1}(r)\leq\tilde{C}_{1}r^{2(j-i)}$ , $i=1,2,$ $\cdots,j$ ,
$C_{j}\leq u_{j}(r)\leq\tilde{C}_{j}$ ,
$C_{i}r^{2-N}\leq u_{i}(r)\leq\{\begin{array}{l}\tilde{C}_{i}r^{2(m-i+1)-N} or\tilde{C}_{i}r^{2\alpha(j-1)+2(m-i+1)-\lambda},\end{array}$ $i=j+1,$ $\cdots$ $m$ .
$\mathcal{T}(u_{1}, u_{2}, \cdots u_{m})=(\tilde{u}_{1},\tilde{u}_{2}, \cdots u_{m}^{\sim})$ ,
$\tilde{u}_{i}(r)=$ $C_{i}+ \frac{1}{N-2}\int_{0}^{r}s[1-(\frac{s}{r})^{N-2}]u_{i+1}(s)ds$ , $i=1,$ $\cdots,j$ ,
$\tilde{u}_{i}(r)=$ $\int^{\infty}s^{1-N}\int_{0}^{s}t^{N-1}u_{i+1}(s)dtds$ , $i=j+1,$ $\cdots,$ $m-1$ ,
$\tilde{u}_{m}(r)=$ $\int^{\infty}s^{1-N}\int_{0}^{s}t^{N-1}p(t)u_{1}(s)^{\alpha}dtds$ .
[1] T.Kusano and M.Naito, Kiguradze classes for radial entire solutions of higher order
quasilinear elliptic equations, Hiroshima Math. $J$ , 22(1992), 301-363.
[2] T.Kusano, M.Naito, C.A.Swanson, Asymptotic properties of entire solutions of even
order quasilinear elliptic equations, Japan J. Math, 14(1988), 275-308.
[3] T. Teramoto, On Nonnegative entire solutions of second-order semilinear elliptic sys-
tems, Electron. J. Diff. Eqns, No.94(2003).
44
